


EXTERNAL INCOMPRESSIBLE 
VISCOUS FLOWS

adverse pressure 
gradient

leads to separation
(difficult to use theory)

thicker

• Re = Ux/; Re = Uc/; …
• laminar and turbulent boundary layers
• displaced inviscid outer flow
• adverse pressure gradient and separation

= separated 
boundary layer
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Boundary Layer Provides Missing Link 
Between Theory and Practice

Boundary layer, , where viscous stresses 
(i.e. velocity gradient) are important we’ll define
as where u(x,y) = 0 to 0.99 U above boundary.
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In August of  1904 Ludwig Prandtl, a 29-year old professor presented
a remarkable paper at the 3rd International Mathematical Congress in 
Heidelberg. Although initially largely ignored, by the 1920s and 1930s 
the powerful ideas of  that paper helped create modern fluid dynamics 
out of  ancient hydraulics and 19th-century hydrodynamics. 

(only 8 pages long, but arguably one of  the most important 
fluid-dynamics papers ever written) 5 

• Prandtl assumed no slip condition
• Prandtl assumed thin boundary layer region where shear forces are 

important because of  large velocity gradient
• Prandtl assumed inviscid external flow
• Prandtl assumed boundary so thin that within it p/y  0;
•Prandtl outer flow drives boundary layer
• Boundary layer can greatly effect outer “inviscid” flow if  separates 

6



Theodore Von Karman

- 1904 Prandtl
Fluid Motion with Very Small Friction
2-D boundary layer equations

- 1908 Blasius
The Boundary Layers in Fluids with Little Friction
Solution for laminar, 0-pressure gradient flow

- 1921 von Karman 
Integral form of  boundary layer equations

- 1924 Sir Horace Lamb
Hydrodynamics ~ one paragraph on boundary layers

- 1932 Sir Horace Lamb
Hydrodynamics ~ entire section on boundary layers

BOUNDARY LAYER HISTORY
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INTERNAL EXTERNAL 

FULLY 
DEVELOPED? 

CAN BE NEVER 

WAKE? NEVER USUALLY - PLATE IS 
EXCEPTION 

THEORY 

LAMINAR 

PIPES, DUCTS,.. FLAT PLATE & ZERO 
PRESSURE GRADIENT 

GROWING 
BOUNDARY 

LAYER? 

NOT WHEN  

FULLY  

DEVELOPED 

ALWAYS 

ADVERSE 
PRESSURE 

GRADIENT 

PIPE/DUCT=N0 

DIFFUSER=YES 

PLATE=MAYBE 

BODIES=USUALLY 

TURBULENT 

EXPERIMENT 

PIPE (EXAMPLE) 

u(r)/Uc/l = (y/R)1/n 

PLATE (EXAMPLE) 

 u(y)/Uo =  (y/)1/n  8 



Note – throughout figures the
boundary layer thickness*,�,

is greatly exaggerated!
(disturbance layer*)

Airline industry had to 
develop flat face rivets.
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Re = 20,000

Angle of  attack = 6o

Symmetric Airfoil

16% thick
10



Flat Plate (no pressure gradient)
~ what is velocity profile?
~ wall shear stress/drag?
~ displacement of  free stream?
~ laminar vs turbulent flow?

Immersed Bodies
~ wall shear stress/drag?
~ lift?
~ minimize wake 11

FLAT PLATE – ZERO PRESSURE GRADIENT
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Laminar Flow
/x ~ 5.0/Rex

1/2

THEORY

Turbulent Flow 
Rex transition > 500,000
u(y)/U = (y/)1/7

/x ~ 0.382/Rex
1/5

EXPERIMENTAL 13

“At these Rex numbers
boundary layers so thin that 
displacement effect on
outer inviscid layer is
small”

No simple theory 
for Re < 1000;
(can’t assume 
 is thin)
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ReL = 10,000 Visualization is by air bubbles see that boundary layer, ,
is thin and that outer free stream is displaced, *, very little.

FLAT PLATE – ZERO PRESSURE GRADIENT

outside (x), U is constant so P is constant

u(x,y) is not constant, (x) is thin so 
assume P inside (x) is impressed from the outside
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ReL = 10,000 Visualization is by air bubbles see that boundary+ layer, ,
is thin and that outer free stream is displaced, *, very little.

FLAT PLATE – ZERO PRESSURE GRADIENT

Rex = Ux/
Assume Rextransition ~ 500,000

x

ReL =Ux/

L
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SIMPLIFYING ASSUMPTIONS OFTEN MADE FOR 
ENGINERING ANALYSIS OF BOUNDARY LAYER FLOWS
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Development of  laminar boundary layer 
(0.01% salt water, free stream velocity 0.6 cm/s, thickness 

of  the plate 0.5 mm, hydrogen bubble method).

*
* * * *

Rex 1000
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FLAT PLATE – ZERO PRESSURE GRADIENT: (x)

BOUNDARY OR DISTURBANCE LAYER
19 

(x) * 

BOUNDARY OR DISTURBANCE LAYER
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Definition: 
u(x,) =  0.99 of  U=U=Ue

(within 1 % of  U)

Boundary+ Layer Thickness 
(x)

+Disturbance
21

is at y location where u(x,y) = 0.99 U 

Because the change in u in the boundary layer 
takes place asymptotically, there is some 
indefiniteness in determining exactly.
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NOTE: boundary layer is 
much thicker in turbulent flow.

Blasius showed theoretically for laminar flow that 
/x = 5/(Rex)1/2 (Rex = U x/ ) 

x1/2

Experimentally found*
for turbulent flow that

x4/5
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NOTE: velocity gradient at wall 
(w =  du/dy) is significantly greater.

At same x: U/ L > U / T
At same x: wL < wT 24



Note, boundary layer is not a streamline!
From theory (Blasius 1908, student of  Prandtl):

= 5x/(Rex
1/2) = 5x/(U/[x])1/2 = 51/2x1/2/U1/2

d/dx = 5 (/U)1/2 (½) x-1/2 = 2.5/(Rex)1/2

V/U = dy/dxstreamline = 0.84/(Rex
1/2)

dy/dxstreamline  d/dx  so  not streamline
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Behavior of  a fluid particle traveling along a streamline 
through a boundary layer along a flat plate.

U = U = Ue
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LAMINAR TO TURBULENT TRANSITION

27

LAMINAR TO TURBULENT TRANSITION
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Emmons spot ~ Rex = 200,000
Spots grow approximately linearly downstream at downstream 

speed that is a fraction of  the free stream velocity.

NOTE: Turbulence is not initiated at 
Retr all along the width of  the plate
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Emmons spot, Rex = 400,000
smoke in wind tunnel 30



Transition not fixed but usually around Rex ~ 500,000 
(2*105-3*106)

For air at standard conditions and U = 30 m/s, xtr ~ 0.24 m

x=0

Turbulent boundary layer is thicker and grows faster.
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Nevertheless: Treat transition as it 
happens all along Rex = 500,000

Experimentally transition  occurs around 
Rex ~ 5*105  

Water moving around 4 m/s past a ship,
transitions after about 0.14 m from the bow, 

representing only about 0.1 % of  total 
length of  143 m long ship. 32



FLAT PLATE – ZERO PRESSURE GRADIENT: *(x)

DISPLACEMENT THICKNESS 33

 *(x) 

DISPLACEMENT THICKNESS
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Definition: 
* =  0 (1 – u/U)dy

Displacement  Thickness 
*(x)



* is displacement of  outer
streamlines due to boundary layer
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By definition, no flow passes through 
streamline, so mass through 0 to h at x = 0
is the same as through 0 to h + * at x = L.

x = L

Displacement thickness *
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Uh = 0h+* udy = 0h+*  (U + u - U)dy

Uh = 0h+* Udy + 0h+* (u - U)dy

Uh = U(h + *) + 0h+*(u - U)dy

-U* = 0h+*(u -U)dy

* = 0h+*(– u/U + 1)dy  0
 (1 – u/U)dy
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*  0
 (1 – u/U)dy  0 (1 – u/U)dy 

displacement of  outer
streamlines due to (x)

function of  x!
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Definition: * =  0 (1 – u/U)dy

U*w =  0  (U – u)dyw  0  (U – u)dyw

the deficit in mass flux through area w due to the 
presence of  the boundary layer.

=
mass flux passing through an area [*w] in the absence

of   a boundary layer

Displacement  Thickness *
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Definition: * =  0 (1 – u/U)dy

U* =  0  (U – u)dy  0  (U – u[y])dy

Displacement  Thickness *
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Displacement  Thickness, *, Problem

Suppose given velocity 
profile:
u = 0 from y = 0 to 
u = Ue for y > . 

Show that * = 

= 
41

* = Distance that an equivalent inviscid flow 
is displaced from a solid boundary as a consequence of  

slow moving fluid in the boundary layer.

*(x) ~ 1/3 (x)

Blasius* = 1.721x/(Rex)1/2

Laminar flow on flat plate in uniform free stream

Blasius = 5x/(Rex
1/2)
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Displacement  Thickness *

Definition: * =  0 (1 – u/Ue)dy

From the point of  view of  the flow outside the boundary layer, * can be interpreted as 
the distance that the presence of  the boundary layer appears to “displace” the flow 
outward (hence its name). To the external flow, this streamline displacement also looks 
like a slight thickening of  the body shape. 

 and *are greatly magnified

*(x)
(x)
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     *(x)     
EXAMPLE 
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2-D DUCT

PROBLEM: Find Ue as a function 
of  U , D and *

Ue(x)

Ue(x) = ?
45

W

Continuity equation (per W):

{UD = -D/2D/2 udy + -D/2D/2 Uedy - -D/2D/2 Uedy}

UD = -D/2D/2 Uedy – {-D/2D/2 (Ue-u)dy}

u(y)U f(y) Ue(x)
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W



Continuity equation (per W):

UD = -D/2D/2 Uedy – {-D/2D/2 (Ue-u)dy}

UD = 
-D/2D/2 Uedy–{(-D/2) (-D/2+) (Ue-u)dy+(D/2- ) D/2 (Ue-u)dy}

(used approximation that outside boundary layer u =Ue)
(note that Ue = function of  x but not y)

INLET OF DUCT
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Continuity equation (per W):

UD =
-D/2D/2 Uedy – {(-D/2) (-D/2+) (Ue-u)dy + (D/2- ) D/2 (Ue-u)dy}

UD = -D/2D/2 Uedy – Ue{(-D/2) (-D/2+) (1-u/Ue)dy}

+  Ue{(D/2- ) D/2 (1-u/Ue)dy}

INLET OF DUCT
*

*

As we already know:
* = 0 (1 –u/Ue)dy  0 (1 – u/Ue)dy
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INLET OF DUCT
*

*

Continuity equation (per W):

UD =
-D/2D/2 Uedy–Ue{(-D/2) (-D/2+) (1-u/Ue)dy+(D/2- ) D/2 (1-u/Ue)dy}

-{ *                  + *}

UD= UeD – 2Ue* = Ue[D – 2*] 

Ue(x) = UD/[D – 2*(x)]
49

from Continuity Equation

UD  = Ue [D – 2*]
We see that the free stream velocity in the duct 
is given by the effective decrease in the cross 

sectional area due to the growth of  the 
boundary layers, and this decrease in area is 
measured by the displacement thickness!!!

50 



يا(سيالجسم،كهصورتيدرگيرد،ميقرارسياليكدرونجسميككههنگامي
.شودميواردنيروييجسمبهسيالسويازباشندداشتهسرعت)دوهر

استفشاريوتنشيمولفهدوداراينيروياين.

برآيندو)درگ(پسانيرويراجريانجهتدرجسمبرشدهواردنيروياينبرآيند
.نامندمي)ليفت(برآنيرويراجريانجهتبرعمودنيرو
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باعثنيرواين.شودميمحسوبجسمحركتبرابردرمقاومنيروييكدرگنيروي
.)هوامقاومتمانند(شودميسيالدرجسمحركتشدنكند

سيالينوعوجسمشكلواندازهسيال،درجسمحركتسرعتازتابعيدرگنيروي
.كندميحركتآندرجسمكهاست

ابعاديآناليزاعمالبا:

ناپذيرتراكمسيالبراي(شودميتعريفزيرشكلبهدرگضريب(:
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اهميتباريكاجسامبرايآنمقداروشدهايجادسطحبررويتنشدليلبهنيرواين
.داردبيشتري

صفحهيكبررويآرامجريانبراي

)Re<107>105*5(درهمجريانبرايو
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صفحهاي،استوانهكروي،(جسمشكلدليلبهكهگرددميايجادحالتيدرنيرواين
در.كندتغييرآنجهتونداشتهجريانسطحموازاتبهسيال،)...وجريانبرعمود

.داشتخواهدوجودهمفشاريدرگنيروياصطكاكي،درگبرعلاوهحالت،اين
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فقطوگرفتهنظردرصفررافشارگراديانشد،بررسيتاكنونكههاييجرياندر
.بودندمهماينرسيولزجتاثرات

مطلوبفشارگراديان،)(شودكمجريانجهتدرفشاركهصورتيدر
.بودخواهد

فشارگراديانيا(كندپيداافزايشجريانجهتدرفشاركهصورتيدر
مقاومتسيالحركتبرابردرهمفشارينيروياصطكاك،نيرويبرعلاوه،)معكوس

.كندمي

سرعتاستممكنحالت،ايندر

مرزازمرزيلايهوشدهمعكوسسيال

.شودجدا

.شودميگفته»جدايش«پديده،اينبه
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0

0

B) : نقطه جدايشτw=0(

يابدميكاهشليفتنيرويوافزايشدرگنيرويجدايش،اثردر.

درهمجرياندريكسان،فشارگراديانوهندسيشرايطدرسطحازجريانجدايش
.افتدمياتفاقآرامجريانازديرتر

كافيشرطامااست،جدايشبرايلازمشرط)(مثبتفشارگراديانوجود
.نيست

نيستاستفادهقابلآنازپسوبودهمعتبرجدايشنقطهتاتنهامرزيلايهتئوري.
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آنبرفشاريواصطكاكيدرگنيرويكره،شكلدليلبهكهشداشارهقبلبخشدر
.شودمياعمال
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Re=1 Laminar Turbulant
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66 

Drag coefficient for a smooth circular cylinder as a function of Re number
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ًباشدميجريانجهتبرعمودبرآيندنيرويمولفهليفت،نيرويكهشداشارهقبلا.

استشدهتعريفزيرشكلبهضريبيليفت،نيرويبراي:
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69 
Lift coefficient vs. angle of  attack
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71 

درگنيروينتيجهدر.گيرندميقرارجريانخطوطباراستاهمهواپيماهايبال
بهامراين.رسدميحداكثربهليفتنيرويوحداقلبههواپيمابدنهبهشدهتحميل

.كندميشايانيكمكزمينازهواپيماشدنبلندوهواپيماوزننيرويبرغلبه

گفتهحملهزاويهزاويه،اينبهكهگيرندميدرجه١٥تا٥زاويهافقبهنسبتهابال
.شودمي
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دروبودهبيشتراصطكاكيدرگبهنسبتفشاريدرگنيرويدرهم،هايجرياندر
Frontal(پيشانيسطحكاهشباحالت،اين surface area(،افتنيرواينمقدار
.كندمي

كاهشسطحرويازمرزيلايه»جدايش«پديدهبروزاحتمالكار،اينباچنينهم
.رسدميحداقلبهفشاريدرگويافته
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ابعادباصافصفحهيكm١/٥×mسرعتبا١/٥km/hوزنباساكنهوايدر٥٠
برابرترتيببهليفتودرگضرايباگر.كندميحركتkgf/m3١/١٥مخصوص

.برآيندنيرويودرگنيرويليفت،نيرويتعيينمطلوبستباشند،٠/٧٥و٠/١٥با

بااستبرابرصفحهمساحت:حل

:SIواحدبرحسبصفحهسرعت

بااستبرابرهوادانسيته

داريمدرگضريبازاستفادهبا
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نوشتتوانميليفتضريبازاستفادهباصورتهمينبه

:كنيمميعملزيرشكلبهنيزنيروبرآيندتعيينبراي

75 

قطرباتوپيكcmسرعتدارايكهعموديهوايجريانيكدر٨m/secمي٧
وبودهkgf/m3١/٢٥اندازهبههوامخصوصوزن.استشدهمعلقباشد

محاسبهراتوپوزن.باشدميstokes١/٥بابرابرنيزآن)ν(سينماتيكويسكوزيته
.نماييد

است،شدهمعلقهواعموديجرياندرتوپكههنگامي:حل

بهمنجر)هواسوياز(توپبروارددرگنيرويواقعدر

برايپس.شودمي)توپوزن(توپسقوطعاملبرغلبه

.كنيممحاسبهراآنبروارددرگنيرويبايدتنهاتوپ،وزنتعيين

بااستبرابرهواجريانسرعتوتوپقطر

كنيمميعملزيرشكلبههمهوادانسيتهتعيينبراي
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بااستبرابرهمSIواحدبرحسبسينماتيكويسكوزيته

بااستبرابرReعددنتيجهدر

نتيجهدر
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Re




2

2


اينبهكهنيروهايي.كندميسقوطساكنسياليكدركهبگيريدنظردرراجسمي
نيرويو)FB(شناورينيروي،)FD(درگنيرويازعبارتندشوندميواردجسم
.)FG(وزن

حدسرعت)Terminal Velocity(كرويجسمبراي

:)Re<1استوكسقانونبودنبرقرارصورتدر(بااستبرابر

چگونهحدسرعتنباشد،Re<1كهصورتيدر:سوال

شود؟ميتعيين

78 




