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EXTERNAL INCOMPRESSIBLE
VISCOUS FLOWS

U_~Uniform velocity field upstream

Streamlines

Viscous wake = separated

boundary layer

- LBL- Laminar boundary layer adverse pressure
T «— TBL- Turbulent boundary layer r gradient
thicker ;: ;Lapnasrgi?éln ot leads to separation
(difficult to use theory)
*Re = U_x/v;Re=U_c/v; ...
* laminar and turbulent boundary layers
e displaced inviscid outer flow
* adverse pressure gradient and separation @

Boundary Layer Provides Missing Link
Between Theory and Practice

Boundary layer, 8, where viscous stresses
(i.e. velocity gradient) are important we’ll define
as where u(x,y) = 0 to 0.99 U, above boundary.




" originator of

" boundary layer

 theory and advisor to

 von Karman, Blasius,
Nikuradse and others

In August of 1904 Ludwig Prandtl, a 29-year old professor presented
a remarkable paper at the 3™ International Mathematical Congress in

Heidelberg. Although initially largely ignored, by the 1920s and 1930s
the powerful ideas of that paper helped create modern fluid dynamics
out of ancient hydraulics and 19*-century hydrodynamics.

(only 8 pages long, but arguably one of the most important
tluid-dynamics papers ever written)

* Prandtl assumed no slip condition

* Prandtl assumed thin boundary layer region where shear forces are
important because of large velocity gradient

* Prandtl assumed inviscid external flow

* Prandtl assumed boundary so thin that within it Op/0y = 0;

*Prandtl outer flow drives boundary layer

* Boundary layer can greatly effect outer “inviscid” flow if separates

OUTER EDGE T SR
OFBOUNDARY  ,“--—p_ s
LAYER ~{ v

[

7

3 y y
Extraordinary insights: Ludwig Prandtl in 1936.




BOUNDARY LAYER HISTORY

1904 Prandtl

Fluid Motion with Very Small Friction
2-D boundary layer equations

1908 Blasius

The Boundary Layers in Fluids with Little Friction
Solution for laminar, O-pressure gradient flow

1921 von Karman
Integral form of boundary layer equations

1924 Sir Horace LLamb

Hydrodynamics ~ one paragraph on boundary layers

1932 Sir Horace L.amb

Hydrodynamies ~ entire section on boundary layers

Theodore Von Karman

INTERNAL EXTERNAL
FULLY CAN BE NEVER
DEVELOPED?
WAKE? NEVER USUALLY - PLATE IS
EXCEPTION
THEORY PIPES, DUCTS,.. |FLAT PLATE & ZERO
LAMINAR PRESSURE GRADIENT
GROWING |NOT WHEN ALWAYS
BOUNDARY | fFULLY
LAYER? DEVELOPED
ADVERSE PIPE/DUCT=N0 PLATE=MAYBE
PRESSURE | DIFFUSER=YES |BODIES=USUALLY
GRADIENT
TURBULENT |PIPE (EXAMPLE) |PLATE (EXAMPLE)
EXPERIMENT |u(r)/U,, = (y/R)"/ u(y)/U, = (y/d)'n




Note — throughout figures the
boundary layer thickness™, O,

is greatly exaggerated!
(disturbance layer™)

L_~Uniform velocity field upstream

LBL- Laminar boundary layer
TBL- Turbulent boundary layer
T- Transition
S- Separation point

Airline industry had to
develop flat face rivets.

U_~Uniform velocity field upstream

—

/ Streamlines
— TBL

—_— 25 ) g
LBL{ Airfoil
|
— _4_*__ . Viscous wake

Stagnation point LBL T " m——e S*\h‘"\———_.




Flat Plate (no pressure gradient)
~ what is velocity profile?

~ wall shear stress/drag?

~ displacement of free stream?
~ laminar vs turbulent flow?

Immersed Bodies
~ wall shear stress/drag?
~ lift?

~ minimize wake

FLAT PLATE - ZERO PRESSURE GRADIENT
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Viscous effects
important

=

Re = Ut/v=0.1 g

y 4 <0.99U
/ & ¢

e |

N
7

Streamlines deflected
considerably

3
Re= 10’
Boundary layer
Viscosity not L
important Viscous effects
important
) T o0 N — S
e
> | =

Streamlines deflection
very slight

Y

Y

e
>

Laminar Flow
o/x ~ 5.0/Rexl/2
THEORY

Turbulent Flow
Re
uy)/U,, = (y/d)""
o0/x ~ O.382/Rexl/5

> 500,000

X transition

EXPERIMENTAL




FLAT PLATE - ZERO PRESSURE GRADIENT

Re; = 10,000 Visualization is by air bubbles see that boundary layer, 9,

is thin and that outer free stream is displaced, 87, very little.

FLAT PLATE - ZERO PRESSURE GRADIENT

e

Re; = 10,000 Visualization is by air bubbles see that boundary™ layer, 0,

is thin and that outer free stream is displaced, 0", very little.




e

aminar

2 L Turbulent
Transition

SIMPLIFYING ASSUMPTIONS OFTEN MADE FOR
ENGINERING ANALYSIS OF BOUNDARY LAYER FLOWS

L. u—=Uaty=35
2 duldy—0aty=20
3. v << U within the boundary layer

Results of the analyses developed in the next two sections show that the bound-

ary layer is very thin compared with its development length along the surface. There-
fore it is also reasonable to assume:

4. Pressure variation across the thin boundary layer is negligible. The freestream pressure
distribution is impressed on the boundary laver.

@

Development of laminar boundary layer

(0.01% salt water, free stream velocity 0.6 cm/s, thickness
of the plate 0.5 mm, hydrogen bubble method).

,
N g g S




FLAT PLATE — ZERO PRESSURE GRADIENT: §(x)

BOUNDARY OR DISTURBANCE LAYER

%,
i g b TP W




Boundary™ Layer Thickness
0(x)

Definition:
u(x,0) = 0.99 of U=U_=U_
(within 1 % ot U,_)

tDisturbance @

d is at y location where u(x,y) = 0.99 U
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p ulx, y)
/’4 A AT 77
Leading edge
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. Because the change in u in the boundary layer |
 takes place asymptotically, there is some

indefiniteness in determining O exactly.




NOTE: boundary layer is
much thicker in turbulent flow.

Blasius showed theoretically for laminar flow that
8/x = 5/(Re)"? (Re, = pU,x/)
& ax!/?

Experimentally found*
for turbulent flow that
S5 axt/s

NOTE: velocity gradient at wall
(T, = 1 du/dy) is significantly greater.

At same x: U/&; > U /0,
Atsame x: T ; < T




Note, boundary layer 1s not a streamline!

From theory (Blastus 1908, student of Prandtl):
5= 5x/(Re,"/?) = 5x/(U/[vx])/2 = 5v!/21/2/U1/2
dd/dx =5 (v/U)"? () x /2 = 2.5/ (Rey)!/?
V/U = dy/dx| e = 0.84/Re 172
dy/dx | # do/dx so 0 not streamline

streamline

-
I o4 Streamlines deflected T B | = _ |
considerably

Path undefined:
three-dimensional
otational flow

Sinusoidal path with
increasing amplitude:
rotational flow

[<— Rectilinear path:
B rdilinenr rotational flow

translation:
irrotational

flow
-

Streamline

Behavior of a fluid particle traveling along a streamline
through a boundary layer along a flat plate.




LAMINAR TO TURBULENT TRANSITION

LAMINAR TO TURBULENT TRANSITION




NOTE: Turbulence is not initiated at

Re,, all along the width of the plate

Emmons spot ~ Re_ = 200,000
Spots grow approximately linearly downstream at downstream
speed that is a fraction of the free stream velocity.

Emmons spot, Re_ = 400,000
smoke in wind tunnel
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!—— Laminar | ! Turbulent

I I
Transition

>
>

Turbulent boundary layer is thicker and grows faster.

Transition not fixed but usually around Re_~ 500,000
(2¥105-3%10°)

For air at standard conditions and U = 30 m/s, x.. ~ 0.24 m

> Thtr

©

Nevertheless: Treat transition as it
happens all along Re = 500,000

Laminar ; i Turbulent

Experimentally transition occurs around
Re  ~ 5*10°

Water moving around 4 m/s past a ship,
transitions after about 0.14 m from the bow,
representing only about 0.1 % of total
length of 143 m long ship. ©




FLAT PLATE - ZERO PRESSURE GRADIENT: §*(x)
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DISPLACEMENT THICKNESS




Displacement Thickness
0" (x)

Definition:

5= J(1—u/Udy

_

By definition, no flow passes through
streamline, so mass through 0 to hatx = 0
is the same as through O to h + 0" at x = L.




pUh = ([**% pudy = (/" p (U + u - U)dy
Uh =, J' h+8* ] dy_l_o_[h+6* (u - U)dy
Uh = U+ 8%) + J*¥(u - U)dy
—US*: Oj'h+6*<u —U) dy
Of = th+6*(— u/U + Ddy = OIOO (1-u/U)dg

5~ J® (1 —u/U)dy = ] (1 — u/U)dy
function of x!




Displacement Thickness 8"

Definition: 8 = [* (1 —u/U)dy
pUSw = ([*p (U —wdyw = ([ p (U — wdyw

the deficit in mass flux through area 8w due to the
presence of the boundary layer.

mass flux passing through an area [S*W] in the absence
of a boundary layer

Displacement Thickness &

Definition: 5 = [* (1 —u/U)dy

pUS" = (J*p (U~ wdy ~ *p (U - uly)dy




Displacement Thickness, &", Problem

Suppose given velocity | >

profile:

u=0fromy=0to A
u=U_fory>A.

Show that 0" = A

Laminar flow on flat plate in uniform free stream

aix)

fal]
b s
— 1/2
2 Opyaius = OX/ (Re,'/?)
— .-;_--.:’
u= flx,y)
velocity profile
A—- N * — 1/2
SiZil Al 8Blasius - 1721X/<R6Q
-

u

0*(x) ~ /5 6(x)

&* = Distance that an equivalent inviscid flow

is displaced from a solid boundary as a consequence of

slow moving fluid in the boundary layer.




Displacement Thickness 6

Definition: & = [*(1 —u/U)dy

From the point of view of the flow outside the boundary layer, 8" can be interpreted as
the distance that the presence of the boundary layer appears to “displace” the flow
outward (hence its name). To the external flow, this streamline displacement also looks
like a slight thickening of the body shape.

b

W\\ - > 8(X)

Streamlines deflected . = _._’\,_ ]

O and O are greatly magnified

EXAMPLE
5 O 6

g

‘\.‘_ : "
S g e S

it
R I S W




PROBLEM: Find U, as a function
of U_, D and 6"

U, # £(y)

llll

p{U,D = D/Z-[D/ udy-i— /zj 20 dy -

/ Cont/ulty equation (per W):
/AZJ.D}Uedy}




INLET OF DUCT

Continuity equation (per W):

UooD — —D/ZJAD/2 Uedy T {—D/ZJ.D/Z <Ue—u>dy}

U D =
-D/ZI b/ Uedy_{(—D /2) I (D/2+9) (Ue‘u)dY"'(D /2-8) I D/ U-wdy}

(used approximation that outside boundary layer u =U)
(note that U, = function of x but not y)

INLET OF DUCT

Continuity equation (per W):

Uu.D =
-D/ZID/Z Ucdy - {(-D/Z) I (D/2+0) (Usw)dy + (D/2- ) ID/Z Uw)dy}

UooD — —D/ZJ.D/2 Uedy o Ue {(-D/Z) j<_D/2+8) (1 _U’/Ue>dy}
T Ue{(D/Z— 8) ID/Z (1-u/U)dy}

As we already know:

§ = J°(1 —u/U)dy~ Jo(1 —u/U)dy




INLET OF DUCT

o e o
—— - — o — s, 1
e o ———a - —— = L=

Continuity equation (per W):

Il

U.D =
—D/ZJD/Z Uedy_Ue{(—D/Z) I (D/2+0) (1-u/ Ue)dY"'(D/z- 8) ID/Z (1-u/Uydy}
l |

U,D=UD -2U38" = U_D - 28]
U.() = U,.D/[D — 28*(x)

from Continuity Equation

U, D =U, [D-287

We see that the free stream velocity in the duct
is given by the effective decrease in the cross
sectional area due to the growth of the
boundary layers, and this decrease in area 1s
measured by the displacement thicknessl!!!

©
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Blunt body Streamlined body
Cd=1.14
| Cd=1.28 Prism
Flow Cd=.295
q Flat Plate Bullet
Cd=.07 to .5
Sphere
e Cd- .045
Cd = D Airfoil
r AVy2

All objecis have the same frontal area.
A = frontal area I g@}




(Friction Drag) |5308kai «.3)3 (g9 rLi

ool S,k plucrt @l OT il 5 0 S| o 690 G55 o & 9 cnl "
- Dyl 6 i

e Skin friction drag

Fpy = [ 7, dA
Jplate surface

Ty dA
CD = FD —_— '/PS 4

Ws&sjjﬂf‘)TO\{ﬁs\ﬁ'

(SHIP<Re<10’) on 3> 04 = ) 5 3

(Friction Drag) |5308dauai 373 (g9 p1i

0.010— I | | —
0.008 |- &
Turbulent -
0.006 boundary layer =
~ ¢ (Eq. 9.30) =
o =
£ 0.004 . -
1
2
= . ey
e e Turbulent -
§ 2 Transition at_ ::""-'-":-.._ boundary layer
¥ Re =5 X 107 ~._/  (Eq. 9.35)
=] (Eq. 9.37b) o
0.002 s ]
-“""'\-u.._
¢ H-
Laminar e |
boundary layer —
(Eq. 9.33)
0.001 | | | | | | | | | |
108 2 5 108 2 5 107 2 5 108 2 5 10°

Reynolds number, Re,




(Pressure Drag) jg) Liis 573 jg9 1bi

chs\di\}:m\csj;)ﬁJQ&J)QJ:J;‘JAJ@\G:J\?):}”}&%\-
)b.u\.{,wuﬁd'\-s“«ge-jw\u\idkgéawa\)’\y‘\gd\wc(...)éb“ﬁj:}o&
.W\:M\}r‘Jﬁjﬁsngjbéjﬁcém\gjbjcjwcs:J\?Cﬁ\

0.5 | 1 | 1 | | 1 1 I
o 2 4 6 8 10 12 14 16 18 20

Aspect ratio, b/h

(Pressure Drag) gy Liii 373 [g9 pui

Drag Coefficient Data for Selected Objects (Re = 10

Object Diagram Cp(Re = 107)
Square prism blh = = 2.05

b bih =1 1.05

N
/ h

Disk @ 1.17
Ring - 1.20"
Hemisphere (open end /' . 1.42
facing flow) @
Hemisphere (open end o 0.38
facing downstream) ©
C-section (open side ol 2.30

facing flow) %

C-section (open side 1.20

facing downstream)

“Data from Hoerner [16].

#Based on ring area.
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a8 3 59) 4 159) 05 b

O p ylid 5 Sl s 9,0 0,8 JKi Jdd 4 45 Wi oylil 3 isu y> =
Sgd o dlsl

Separation

Separation

S

Transition to Turbulence
p _——Turbulent

Separation

0,8 L3 1597 M 159) 5 JLix2

Re=1 Laminar Turbulant

S N — |__l—

o i L5 a 1 &0’ 18 B 0 i 180° ¢

Fp = 3nuVd

Cn = —
2 Re
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Theory due »
to Stokes =

N I I I N I I A N I A v l?

VD
v

Re =

Drag coefficient of a smooth sphere as a function of Reynolds number

4 681032 4 6810%2 4 681052 4 68105

()

(7 Ol prsai) apy O30 169) 1 152009 Lo

1
V— FE
li
!

Measured pressure ! |
distribution !
(turbulent)

Measured pressure
distribution
(laminar) \

¥
’l\Tpeqreti;al
distribution

G -
NS~/ S=Separation point

] ] | | | | 1 |
0 20 40 60 80 100 120 140 160 180

6 degrees

Pressure distribution around asmooth sphere for laminar

and turbulent boundary-layer flow, compared with inviscid flow




ilgiwl 5 169/ M 1523719 LU

t_/ﬁ__,.

_—\vﬁ/—_b___/-\_____’_

no separation

S

turbulent BL

laminar BL.

wide turbulent wake

T 10 p B IF g narrow turbulent wake
R-L2
ailgiwl €33 169/ 1 152/ 19 LD
100 I

FITT T 11T T T 17T 1

I Y I I

0.1L 1

FTTT 1

[ 1T

T 14

10-12 4 6810%2 4 68Ql2 4 681022

Re

4 681032

_w
v

4 68]10%2

4 681052

Drag coefficient for a smooth circular cylinder as a function of Re number

4 68108
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ilgiwl 5 169/ M 1523719 LU

Low Reynolds Number Flow over a Flow Separation behind a Cylinder.
Cylinder.
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6 Laminar-flow section
(NACA 66,-215)
0.4 a
.
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Angle of attack, & (deg)

Lift coefficient vs. angle of attack
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Stagnation point

Pressure coefficient, C, =

1

(Litt) Cudipd jg9 pud

1.9 T T |

0.8 / -
v a NACA 66,-015

0.6 { -

04l
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IriV2

1
2

0.2
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a0

(a) Flow patterns

a=0°(C,=0)

= 0.5 (¢; = 0.1)

a=1.0°(C,=02

™a=15%( =03}

0.2 0.4 0.6
Dimensionless distance, xfe
(b} Pressure distribution on upper surface
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Conventional section
(NACA 23015)

Laminar-flow section
(NACA 66,-215)
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Slow Moving Air = More Pressure
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Drag coefficient of a smooth sphere as a function of Reynolds number (e)
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